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ABSTRACT

The core electron temperature drops rapidly during the sawtooth crash in tokamak plasmas, which causes heat loss and may lead to fast
particle losses or even a disruption. Several models have been proposed for the periodic crash, including the Kadomtsev model with magnetic
reconnection and the quasi-interchange model with the growth of higher-mode-number pressure-driven instabilities. 3D MHD simulations
were performed for these two models with a goal to develop intuition and to predict qualitatively how different types of sawtooth will appear
in various diagnostics. The structures of electron density ne and electron temperature Te show a dominant (1, 1) mode for the Kadomtsev
case and a dominant (4, 4) mode for the quasi-interchange case. The oscillations of ne and Te have a positive correlation near the inversion
layer for both cases, while their frequencies and amplitudes are different depending on the dominant modes. Particularly, for the Kadomtsev
case, we find a relation between the amount of flux reconnected during a sawtooth event and ne or Te oscillations. Therefore, we connect
recently developed measurement capabilities for ne and Te to the internal sawtooth behavior. We propose that this method of analysis can
help in identifying the type of sawtooth in future experiments augmented by simulations.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0186504

I. INTRODUCTION

The sawtooth oscillation is a phenomenon commonly found in
tokamaks characterized by regular periodic reorganization of the core
plasma.1 During each cycle, the core electron density and temperature
first gradually ramp up and then drop rapidly, with the signals in the
shape of a sawtooth. This dramatic crash may excite other modes, such
as the neoclassical tearing mode (NTM), and eventually lead to
disruptions.2

A major issue of the sawtooth study is what causes such a fast
crash. Different models have been proposed to address this problem.
Kadomtsev attributes it to resistive magnetic reconnection.3 In this
model, the centrally peaked toroidal current density leads to higher
temperature in the center by Ohmic heating, where the plasma
becomes less collisional and more conductive. Hence, the toroidal cur-
rent density peaks even more strongly. When the central safety factor
q0 drops sufficiently, the plasma becomes subject to a ðm; nÞ ¼ ð1; 1Þ
resistive kink instability. The magnetic field is reconnected, leading to
a flattening of the temperature inside the q¼ 1 surface, and q0 returns

to 1. This model successfully explains the cyclic evolution for initial q0
significantly below unity, yet the resistive reconnection timescale is too
slow compared to laboratory observations.4 Within this reconnection
picture, mechanisms, such as two-fluid effects5 and the plasmoid insta-
bility,6 have been proposed from simulations to enable fast reconnec-
tion and a fast temperature drop. Alternatively, Wesson7 developed a
model with the pressure-driven ideal MHD mode. The plasma
becomes unstable to an ideal MHD (1, 1) interchange mode when q0 is
slightly above unity, and the density and temperature profiles are flat-
tened out on an ideal MHD timescale, which is driven by interchange
instabilities. Later, Jardin et al.8 extended this model, pointing out that
in scenarios with peaked pressure and low magnetic shear, the ideal
MHD (1, 1) interchange mode saturates at a low amplitude and produ-
ces a central loop voltage through the dynamo effect that
keeps q0 � 1.9 It is then other unstable interchange modes (m, n) with
m ¼ n > 1 that trigger the crash.

The lack of direct diagnostics has limited experimental studies of
sawteeth. While dedicated laboratory experiments, such as the
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Magnetic Reconnection eXperiment (MRX),10 can directly measure the
reconnection rate as well as obtain full in-plane measurements of elec-
tric and magnetic fields, and plasma density and temperature, this type
of measurement has been difficult in tokamaks. Different q profiles give
rise to different sawtooth models; however, the interpretation of
motional Stark effect (MSE) measurements of the q profile before the
crash occurs differs widely among groups.11–14 Our goal is to advance
internal diagnostics to improve understanding of the sawtooth crash.
For example, concrete measurements for localized Te have been pro-
vided by electron cyclotron emission imaging (ECEI) on tokamaks,15–17

and more recently, fast ne measurements localized to the q¼ 1 surface
have also been enabled by beam emission spectroscopy (BES).18

In this study, we run two different sawtooth simulations with
comparable parameters using the 3D MHD code M3D-C1.19

Previously, this code has been used for several studies of sawtooth
dynamics, including the role of two fluids effects20 and stochastic-
ity21,22 within reconnection models. Additionally, it revealed the quasi-
interchange scenarios.8 With representative M3D-C1 simulation data,
we aim to develop diagnostic predictions for two different sawtooth
models, namely, Kadomtsev-type sawteeth with reconnection com-
pared to quasi-interchange sawteeth. The main control parameter is
the initial q profile. In case 1, q0 begins at 0.83, while in case 2, the pro-
file is flat in the center, and q0 is close to unity. Case 1 is observed to be
dominated by a strong resistive (1, 1) mode, leading to a kink out of
the core and formation of a long thin current sheet during the crash
and reconnection, following a Kadomstev-reconnection-type picture.
In contrast, case 2 lies in the “quasi-interchange” scenario of Jardin
et al.8 It is dominated by a (4, 4) helical mode, and no single dominant
current sheet is formed during the crash. The overall goal of the study
is to develop intuition and diagnostic predictions to compare between
the two sawtooth models, keeping as many quantities in the profiles as
similar as possible.

The hallmark of both BES and ECEI is that they make observa-
tions at fixed spatial points or a fixed poloidal plane for imaging, addi-
tionally complicated by the strong toroidal rotation of the plasma.
Accordingly, we analyze how rotating plasmas with these helical per-
turbations will appear on such fixed diagnostics. For both cases, we
observe that the helical modes produce toroidal oscillations in a rotat-
ing plasma. We focus attention near the inversion layer, which is
defined as the minor radius rinv such that dTe < 0 for r < rinv and
dTe > 0 for r > rinv, i.e., dTe ¼ 0 at r ¼ rinv . That is, the inversion
layer is the point where Te apparently does not change during the saw-
tooth crash. We find that, near the inversion layer, the ne and Te oscil-
lations are initially in phase and peak at the crash. The oscillations
have only one period in each toroidal rotation for case 1 and four for
case 2. This difference can be utilized to distinguish the two types of
sawtooth in future experiments. We find that ne oscillation up to 10%
and Te oscillation up to 20% or 40% are predicted to occur, which is
qualitatively comparable to recent measurements.18,23 Finally, for the
Kadomtsev case with reconnection, we draw a relation between the
amount of reconnected flux with the oscillations of ne and Te at
the q¼ 1 surface from their dependence on the plasma core displace-
ment, which may enable BES and ECEI as indirect diagnostics for the
reconnection rate.

In Sec. II, we describe the simulation setups of these two cases. In
Sec. III, we identify the type of sawtooth event from each simulation
case and compare the results with a focus on the 2D poloidal

structures. In Sec. IV, we explore more detailed diagnostic signatures
of the localized ne and Te evolution predicted by the two models. In
Sec. V, we draw a connection from ne and Te to reconnection in the
Kadomtsev case. Finally, in Sec. VI, we summarize the conclusions and
discuss the experimental application of the simulation results.

II. SIMULATION SETUPS

We set up two nonlinear 3D MHD simulation cases using the
M3D-C1 code.19,24 The starting point for the simulation setup and
equilibrium is from Jardin et al.8 The simulation domain is a D-shape
tokamak with major radius of R ¼ 3:2m, minor radius of a ¼ 1:0m,
ellipticity of 1.3, and triangularity of 0.2. The ion species is hydrogen,
and all the physical values are dimensionless with the normalization:
lnorm¼ 1:0m; nnorm¼ 4�1019m�3; Bnorm¼ 1:0T; vnorm¼ vA¼Bnorm=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l0nnormmi

p ¼ 3:45�106ms�1.
Case 1 makes small modifications to the Jardin et al.8 equilibrium

to produce a Kadomtsev-like sawtooth event with a strong (1, 1) resis-
tive kink. Case 2 is initialized identically to the Jardin et al.8 equilib-
rium. To generate a sawtooth of the Kadmotsev type for a clean
comparison, all the input parameters are kept the same apart from the
initial profiles of the safety factor q and pressure p. Table I shows the
different input parameters used to set up the initial q and p profiles
generated by the M3D-C1 Grad–Shafranov solver. q0 is an M3D-C1
input parameter, which is approximately the initial central safety fac-
tor; p0 is the central pressure, normalized by p0 ¼ B2

0=2l0, where
B0 ¼ Bnorm; and p1 and p2 are parameters of the analytic pressure
function. The case simulating the Kadomtsev type starts with the
ramp-up phase of the first sawtooth. The initial q0 is 0.83, and the ini-
tial pressure is lower such that b � 1%. The kink instability dominates
over the pressure-driven interchange instabilities to trigger the saw-
tooth. By contrast, the drastic drop of Te for the quasi-interchange case
happened toward the beginning of the simulation, and we focus on
this sawtooth. This case has an initial q0 very close to 1, and its initial
pressure is about three times that of case 1.

A neutral beam is included as a source of particles, energy, and
momentum. The resistivity is chosen to be Spitzer-like, g / T�3=2

e ,
therefore, evolving with the plasma temperature profile; however, it is
increased by a factor of 264 over the physical resistivity for numerical
stability. Thus, the central Lundquist number S is the order of 106 for
the quasi-interchange case. Although S is not set as high as physical
values, it is high enough to achieve a quasi-interchange type of saw-
tooth. An isotropic viscosity l ¼ 10�5lnorm is applied, where
lnorm ¼ nnormmilnormvnorm. The thermal conductivity j is highly aniso-
tropic, as the heat transport parallel to the magnetic field is much
larger than the perpendicular transport in the tokamak. Here, we
choose the perpendicular component to be proportional to

ðn3=pÞ1=2; j? ¼ 1:75� 10�6jnorm, and the parallel component jk
¼ 5jnorm, where jnorm ¼ kBnnormlnormvnorm. The diffusivity D is isotro-
pic, and D ¼ 10�5Dnorm, where Dnorm ¼ lnormvnorm. The values of

TABLE I. Input parameters to setup the initial q and p profiles.

Case Type q0 p0 p1 p2

1 Kadomtsev 0.8 0.01 0 0
2 Quasi-interchange 0.975 0.035 �0.5 0
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thermal conductivity and diffusivity are larger than realistic to aid in
numerical stability and resolution requirements, and also to cut down
the interval between two crashes.

The average edge of an element of the unstructured mesh in the
poloidal plane is 0:06m. A convergence study of the toroidal resolu-
tion was done by doubling the number of toroidal planes (36 for the
original cases). The two cases display qualitatively the same behaviors
in the physical properties of interest. Nonlinear 2D tests are also made
to confirm that the transport coefficients are properly chosen and do
not alter the evolution qualitatively.

We also spot-checked a few different values of q0 and p0 for case
1, and we found that the overall qualitative behavior does not change,
though the instability is stronger for lower q0. We will return to discus-
sing this and other parameters we have scanned in Sec. VI.

III. SAWTOOTH TYPE AND 2D STRUCTURES

The results of the two simulation cases are shown in Figs. 1–6.
Figure 1 shows the time series of Te on the magnetic axis. Both cases
start with the ramp-up phase. The temperature gradually increases and
crashes abruptly, developing into the sawtooth shape, which has been
observed in many tokamak experiments.25,26 A few time-points are
indicated, which correspond to the end of the ramp-up phase, during
the crash, and after the crash of each sawtooth event. They are marked
by dashed vertical lines with the labels “ramp,” “crash,” and “post.”

Figure 2 shows the flux-averaged ne, Te, and q profiles on the
midplane at the end of the ramp-up phase and after the sawtooth crash
for the two cases. For case 1, ne and Te are centrally peaked, and q0 is
significantly below 1 before the crash. After the crash, the profiles of ne
and Te become flat, and q0 reverts to 1. For case 2, the q0 starts from

very close to 1. It increases to above 1 during the crash and holds
through the end of the crash. Though Te is obviously flattened out in
this case, the relaxation in ne right after the crash is not as pronounced.

Zooming into the crash phase in Fig. 1, the kinetic energy in each
of the first nine toroidal harmonics during the crash is shown in Fig. 3.
The dashed vertical lines are identical to those in Fig. 1 for each case.
The kinetic energy increases on a hybrid resistive/ideal timescale for
the Kadomtsev case but on a faster ideal MHD timescale for the quasi-
interchange case, indicating different dominant instabilities for the two
cases. After growing during the ramp-up phase, the kinetic energy
peaks when the crash happens. For the Kadomtsev case, the n¼ 1
mode dominates throughout the whole period. For the quasi-
interchange case, the n¼ 4 mode peaks most strongly during the crash,
and other high number modes n¼ 3, 5 also become dominant sequen-
tially after the crash. Therefore, we expect to see different structures in
ne and Te for the two different cases.

Poincar�e plots, which track the recurrence of some sample mag-
netic field lines on a poloidal section, are made to show the magnetic
field configuration. Figure 4 displays the Poincar�e plots at the featured
time-points of each case, except that (f) is taken around 5ms (later
than post). As is shown in the first row for case 1, a (1, 1) island
appears near the inversion layer during the ramp-up phase. It gradu-
ally grows and expels the plasma core to the outboard side. When the
crash happens, the island takes the place of the original core rapidly
and forms the new core in (c). We notice that the new core is accom-
panied by a large region of stochasticity outside the q¼ 1 surface after
the crash in Fig. 5(c). Various tokamak experiments27,28 have reported
that stochasticity is sometimes related to incomplete reconnection of
sawtooth events. Therefore, one question is whether the reconnection
is complete for this case modeling Kadomtsev sawtooth. In a previous
study of incomplete sawtooth at ASDEX Upgrade,28 the (1, 1) resistive
kink mode survives the crash and decays slowly afterward, and q0
decreases and increases periodically but always remains below unity.
By contrast, a KSTAR study validating the “full reconnection model”
observed q0 < 1:0 before the crash and q0 � 1:0 in the MHD quies-
cent period after the crash.29 Our simulation shows that the (1, 1)
mode develops and eventually becomes the new core, and q0 goes
above unity after the crash, indicating that the reconnection is com-
plete in the Kadomtsev case.

The evolution of the magnetic field configuration for case 2 illus-
trated in the second row is very different. The plasma core is first
deformed in shape during the ramp-up phase, but there is no obvious
change in the topology. Later, islands composed of high-number
modes, such as n¼ 3, 4, 5, dominate within the inversion layer. They
become unstable abruptly and trigger the crash, causing a stochastic
region to form near the magnetic axis. Despite this stochasticity shown
in Fig. 4(e), the original core persists through the whole process, and
the rational surfaces are restored afterward. Figure 4(f) is taken at a
later time than “post” to show the state when the magnetic surfaces are
mostly reformed.

The 2D structures of ne and Te together with contours of current
density parallel to the magnetic field jk at the featured times are shown
in Fig. 5 for case 1 and Fig. 6 for case 2. In case 1, jk is initially mono-
tonic with the peak near the magnetic axis. As the island grows, jk
begins to drop along the inversion layer, eventually reversing sign and
forming a strong current sheet, which indicates the occurrence of mag-
netic reconnection. A (1, 1) structure is also observed in ne and Te with

FIG. 1. Time series of Te on the magnetic axis: (a) case 1, the Kadomtsev type and
(b) case 2, the quasi-interchange type. The three dashed vertical lines in each plot
indicate the time-points at different stages of each sawtooth event.
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its peak moving with the original core until it is flattened out at the
end of the crash. The behavior is much different for case 2. Figure 6(a)
shows that the current perturbations are highly patchy rather than
organized into a current sheet. This patchiness results from the overlap

of multiple unstable MHD modes. In general, no continuous current
sheet appears near the inversion layer during the crash. The dominant
(4, 4) structures in ne and Te become more defined during the ramp-
up phase, but the shapes are complex due to the simultaneous exis-
tence of other high-number modes.

IV. LOCALIZED ne AND Te EVOLUTION

Tokamak plasmas typically rotate fast toroidally, but the 2D diag-
nostics are usually fixed to certain toroidal angles in experiments.
Simulation complements diagnostic data by providing data in the
whole plasma volume. To study the correlation between density and
temperature near the inversion layer, ne and Te are plotted along
the toroidal direction at the inversion point on the midplane. We find
R ¼ 3:7m for case 1 and R ¼ 3:9m for case 2. Figure 7 shows the
oscillations of ne and Te at ðR;ZÞ ¼ ð3:7; 0Þm along the toroidal
direction for case 1. The subplots are arranged in the time sequence,
with (a), (c), and (e) corresponding to ramp, crash, and post times and
(b) and (d) to time-points in between. We find ne and Te only have a
single period in each toroidal rotation, corresponding to a (1, 1) island.
The amplitude of the oscillations grows during the ramp-up phase,
reaching its largest at the crash, and decreasing after the crash. In case
2, as shown by Fig. 8, in contrast there are four periods for both ne and
Te in (a) and (b), and three periods in (c) and (d), which agrees with
the predominant (4, 4) and (3, 3) modes observed in Fig. 3. ne and Te
stay in phase for both cases, indicating there is a positive correlation of
density and temperature. This positive correlation is a consequence of
the hot plasma core kinking out, which brings the high ne and Te
together and then flattens out the peaked profiles of ne and Te.

The amplitude of the oscillations is studied by computing the
root mean square along the toroidal direction

FIG. 2. The flux-averaged ne (blue), Te (red), and q (orange) profiles on the midplane for case 1 (the top row) and case 2 (the bottom row). The solid/dotted curves correspond
to the times “ramp” and “post.”

FIG. 3. Zoom-in view of the kinetic energy in each of the first nine toroidal harmon-
ics in the crash phase. (a) Case 1, the Kadomtsev type and (b) case 2, the quasi-
interchange type.
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hdnei
hnei ¼ 1

hnei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2p

ð2p
0

neð/Þ � hneið Þ2d/
s

; (1a)

hdTei
hTei ¼ 1

hTei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2p

ð2p
0

Teð/Þ � hTeið Þ2d/
s

; (1b)

where neð/Þ and Teð/Þ are taken at toroidal angle / of a fixed poloidal
location—ðR;ZÞ ¼ ð3:7; 0Þm for case 1 and ð3:9; 0Þm for case 2; and
hnei and hTei are the toroidal average of neð/Þ and Teð/Þ. Figure 9
shows that in both cases, hdnei=hnei and hdTei=hTei peak with large
amplitude when the crash begins. We also observe that the density
fluctuations decay more slowly than the temperature fluctuations in
both cases. This is a consequence of fast parallel heat transport. We
find ðhdnei=hneiÞmax � 10% in both cases and ðhdTei=hTeiÞmax
� 20% in case 1 and ðhdTei=hTeiÞmax � 40% in case 2. We have done
some spot-checks for other values of q0 for case 1. When the initial q0

is reduced to �0:7; ðhdnei=hneiÞmax does not change obviously, indi-
cating that it is not very sensitive to the initial q0 in the simulation.
But ðhdTei=hTeiÞmax increases to �30% with this more unstable
equilibrium.

V. RELATING ne AND Te TO RECONNECTION IN THE
KADOMTSEV CASE

It would be valuable to develop indirect diagnostics of the recon-
nection rate for sawteeth. With localized measurement of ne and Te
enabled by BES18 and ECEI, we are motivated to relate ne and Te to
reconnection.

With further study of the Kadomtsev case, we establish a rela-
tion between the ne and Te oscillations at the q¼ 1 surface and the
amount of magnetic reconnection in the ramp-up phase via their
dependence on the MHD perturbation. The MHD perturbation is
represented by the displacement of the flux surface n, which is

FIG. 4. Poincar�e plots showing the magnetic field configuration. (a)–(c) correspond to the times ramp, crash, and post of case 1, the Kadomtsev type and (d)–(f) for those of
case 2, the quasi-interchange type.
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taken as the distance that the magnetic axis has shifted from its ini-
tial location. We measure this quantity in the simulations from the
core shift in the Poincar�e surfaces, and we define n as normalized
by r1, the minor radius of the q¼ 1 surface. The oscillations of elec-
tron density and electron temperature, hdnei=hnei and hdTei=hTei,

are taken at ðR;ZÞ ¼ ð3:76; 0Þm, where the q¼ 1 surface intersects
with the midplane. They are normalized with their toroidal-
averaged gradients at the moment ramp, hrne=neir1 and
hrTe=Teir1. As is shown in Fig. 10, we find that both of them
depend linearly on n,

FIG. 5. 2D profiles taken during a sawtooth event for case 1: (a) jk, (b) ne, and (c) Te. The location of the inversion layer on the midplane is marked by a white cross.

FIG. 6. 2D profiles taken during a sawtooth event for case 2: (a) jk, (b) ne, and (c) Te. The location of the inversion layer on the midplane is marked by a white cross.
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hdnei=hnei
hrne=neir1 � 0:4197n� 0:0275; (2a)

hdTei=hTei
hrTe=Teir1 � 0:4178n� 0:0228: (2b)

The slopes are so close reinforces that the density and temperature
evolve in phase.

With the integral form of Faraday’s law,þ
E � dl ¼ � dW

dt
; (3)

we can calculate how much flux is reconnected during a sawtooth
event by integrating the left hand side over time. We calculate the inte-
gral

Þ
E � dl numerically from simulation data using several toroidal

planes, and we start the time integration when the island first appears.
As is shown in Fig. 11, the amount of flux reconnected in the sawtooth
event exhibits a good quadratic fit for n,

DWnorm � 0:0365n2 þ 0:0005n; (4)

where DWnorm ¼ DW=ð2pRr1Bpðq ¼ 1ÞÞ. This is not surprising
because as the magnetic field lines inside the island are reconnected,
the area of the island scales as the square of the core displacement.

With Eqs. (2) and (4), we can establish relations between the amount
of reconnection and the oscillations of ne and Te near the q¼ 1 surface
in a sawtooth event

DWnorm � 0:216ðdneÞ2norm þ 0:011ðdneÞnorm; (5a)

DWnorm � 0:274ðdTeÞ2norm � 0:001ðdTeÞnorm; (5b)

where ðdneÞnorm denotes ðhdnei=hneiÞ=hrne=neir1, and ðdTeÞnorm
denotes ðhdTei=hTeiÞ=hrTe=Teir1. The amount of reconnection is
associated with the reconnection rate, so this relation quantifies
reconnection via indirect diagnostics to study the fast timescale of
the crash. In an experiment, given a dne=ne measured by BES,
knowing the normalization factors rne, R, r1, and Bpðq ¼ 1Þ, we
will be able to estimate the reconnection rate Ek. For example,
with setups similar to the simulation, if dne=ne � 10%, then we
can infer that Ek � 30 ðVm�1Þ. The exact coefficients may vary
with specific plasma parameters in reality though. Samoylov
et al.16 have shown a relation between the reconnection rate and
the displacement of the plasma core measured by ECEI in ASDEX
Upgrade. This quantity is determined by the radial velocity of the
plasma core, which they ascribe to the inflow velocity to the recon-
nection site. By contrast, our reconnection rate is obtained from

FIG. 7. Toroidal oscillations of ne and Te on the midplane near the inversion layer in
the sawtooth of case 1. (a), (c), and (e) are taken at the time-points ramp, crash,
and post and [(b) and (d)] are taken at the time-points in between.

FIG. 8. Toroidal oscillations of ne and Te on the midplane near the inversion layer in
the sawtooth of case 2. (a), (c), and (e) are taken at the time-points ramp, crash,
and post and [(b) and (d)] are taken at the time-points in between.
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Faraday’s law and directly quantifies how much magnetic field
flux has been reconnected.

VI. DISCUSSIONS AND CONCLUSIONS

In this section, we first review and summarize our results and
then comment on several aspects and open questions for this area.
Here, we have studied the Kadomtsev and quasi-interchange saw-
tooth scenarios, both within 3D resistive MHD. First, we discuss

the broader set of parameters we have scanned, which support the
main results that we have presented. Second, we discuss the con-
nections of these results to other proposed sawtooth scenarios.
Finally, we comment on the role of magnetic reconnection in the
quasi-interchange case.

In this paper, we have studied two comparative sawtooth sim-
ulations. First of all, we have identified them as two different types
of sawteeth. In case 1, q0 starts from the initial value of 0.83 and is
brought back to unity by the crash. The kinetic energy increases
on a hybrid resistive/ideal timescale. The density and temperature
profiles peak more strongly with the plasma heating and are flat-
tened out rapidly as the crash occurs. A long thin current sheet
appears during the crash, and the dominant (1, 1) island grows
and replaces the original core. This behavior follows the predic-
tions of the Kadomtsev model. In case 2, q0 remains very close to
unity through the whole process, and no single long current sheet
forms during the crash. The kinetic energy grows on a faster ideal
MHD timescale. Higher number modes dominate, but the config-
uration of the magnetic field does not change significantly, and
the original core persists in case 2, which follows the quasi-
interchange model.

Our analysis shows that for the Kadomtsev case, ne and Te are
consistently dominated by a (1, 1) structure, and they always stay
in phase. The correlation is a consequence of the hot core kinking
outward. On the other hand, the quasi-interchange case is domi-
nated first by a (4, 4) mode and later other high number modes,
which are also reflected in the structures of ne and Te. Therefore,
the spectral content of ne and Te can be used as a criterion to
discriminate between the two types of sawtooth in future experi-
ments. The toroidal oscillations of electron density and tempera-
ture local to the q¼ 1 surface, hdnei=hnei and hdTei=hTei, are
obtained using the simulation diagnostics data. The toroidal aver-
aged density oscillation in ne and Te peak at the beginning of the
crash, and they have large peak amplitude as reported from previ-
ous experiments. We find both cases have ðhdnei=hneiÞmax � 10%,
which is of similar level as the measurements of the BES on
DIII-D by Bose et al.18 Although ðhdTei=hTeiÞmax differs by
case, showing �20% for the Kadomtsev case and �40% for the

FIG. 9. The root mean square of the oscillation amplitude along the toroidal direc-
tion: (a) case 1, Kadomtsev type and (b) case 2, quasi-interchange type.

FIG. 10. Normalized oscillations of ne (blue) and Te (red) at the q¼ 1 surface on
the midplane. The scattered dots are derived from the diagnostics and the lines are
the linear fits.

FIG. 11. Relation of reconnected flux to core kink amplitude. The scattered dots are
derived from the diagnostics and the orange curve is a quadratic fit.
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quasi-interchange case, this is still comparable to the measure-
ments of the ECEI on ASDEX Upgrade by Samoylov et al.23

Further study of the Kadomtsev case finds a quadratic relation
between the amount of reconnection and the toroidal oscillations
of ne and Te. This technique connects the newly developed mea-
surement capabilities for ne and Te to the study of internal saw-
tooth behaviors.

While the main goal of this paper is the comparative study of two
representative sawtooth scenarios, we have also conducted multiple
supporting simulations with modified equilibria and simulation
parameters to confirm the generality of the results. For the Kadomtsev
case, by varying the initial q0 between 0.7 and 0.9, we found that the
overall qualitative behavior did not change, and in particular, all cases
led to a (1, 1) mode driving magnetic reconnection. Second, we also
scanned the initial plasma pressure (p0) value. In this case, we observed
that the flux surfaces stayed more organized with lower pressure,
whereas high pressures led to more stochastization of the field after the
crash. We also varied some parameters within the quasi-interchange
scenario. In this case, slightly higher initial q0 leads to less significant
crash in Te. In the simulations, the Lundquist number is lower than in
reality but high enough to achieve a quasi-interchange type of saw-
tooth in case 2.

We next discuss how our results may relate to other sawtooth
scenarios that have been proposed. In addition to the Kadomtsev
model and the quasi-interchange model studied in this work, there
have been other models addressing the tokamak sawtooth phe-
nomenon. For example, Porcelli et al.32 propose a heuristic model
of incomplete sawtooth reconnection, where the poloidal symme-
try is restored quickly before the reconnection completes due to
the development of widespread magnetic turbulence. However, we
did not enter this scenario in our simulations, and as far as we
know, this model has never been demonstrated in a consistent
nonlinear 3D MHD simulation.

Finally, while the role of reconnection has long been recog-
nized as a crucial issue in the Kadomtsev reconnection scenario,
its potential role in the quasi-interchange case is more subtle.30 In
the Kadomtsev scenario, the finite rate of reconnection in resistive
MHD leads to a bottleneck in the evolution. The initial resistive
instability also grows on a timescale that is a hybrid between the
ideal and resistive timescales. These effects show a clear impor-
tance of resistive reconnection in controlling the dynamics in the
Kadomtsev scenario. In the quasi-interchange scenario, by con-
trast, there is a collection of higher-order (m, n) modes, which
grow and together drive stochastization of the field. The stochasti-
zation of the field and flux surface breakup requires some level of
non-ideal electric field, and it is possible to associate this with
reconnection. However, at present, it is not known if the recon-
nection will be a significant bottleneck to this process as it is
for the Kadomtsev reconnection scenario. For example, the
initial modes appear to grow on an ideal timescale (Fig. 3).
Separately, and interestingly, Boozer31 has pointed out that ideal
MHD instabilities can cause flux surface breakup with vanishingly
small resistivity. Future work, which analyzes the details of
the magnetic field reconfiguration during the quasi-interchange
crash and quantifies the nature of reconnection in this fully 3D
system, could provide some valuable and fundamental insight
for MHD.
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TABLE II. Non-default parameters in the input file of M3D-C1 simulation for case 2.

Category Variable Value

Equilibrium itaylor 1
eps 1.0� 10�8

icsym 1
xlim 4.20
xlim2 2.20
xmag 3.2874
igs 200
p0 0.035
pi0 0.0175
p1 �0.5

pedge 0.0015
expn 0.2
q0 0.975

tcuro 0.8
tol_gs 4.0� 10�8

Transport iresfunc 4
eta_fac 264

amu 1.0� 10�5

kappa0 1.75� 10�6

kappar 5.0
denm 1.0� 10�5

Hyper-diffusivity deex 0.04
Normalization n0_norm 4.0� 1013

Mesh nplanes 36
Beam heating ibeam 1

beam_x 3.3
beam_rate 1.6� 1023

beam_dr 0.3
beam_fracpar 0.2

Current control vloop �1.0� 10�5

tcur 0.8
control_type 1
control_p �1.0� 10�3

control_i �1.0� 10�6

Density control ipellet 2
pellet_rate 3.0� 10�5

n_control_type 1
n_control_p 1.0� 10�5

n_control_i 1.0� 10�8

n_target 56.54
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FIG. 12. Zoom-in view of 2D profiles taken at the time-points ramp, crash, and post for case 1: (a)–(c) jk; (d)–(f) ne; and (g)–(i) Te. The location of the inversion layer on the mid-
plane is marked by a white cross.
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FIG. 13. Zoom-in view of 2D profiles taken at the time-points ramp, crash, and post for case 2: (a)–(c) jk; (d)–(f) ne; and (g)–(i) Te. The location of the inversion layer on the mid-
plane is marked by a white cross.
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DATA AVAILABILITY

The input parameters of the simulations presented in this paper
are given in Appendix A.

APPENDIX A: DETAILS ON THE SIMULATION SETUPS

Non-default parameters in the input file of M3D-C1 simula-
tion are listed for case 2 in Table II, and case 1 can be set up with
the substitution in Table I.

APPENDIX B: ZOOM-IN VIEW OF FIGS. 5 AND 6

To show the 2D structures of jk, ne, and Te with more details,
we append the zoom-in view of Figs. 5 and 6 at the three character-
istic time-points ramp, crash, and post with Figs. 12 and 13.
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