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ABSTRACT

This study examines the sawtooth crash phenomenon in tokamak plasmas by modeling it as a sequence of multi-region relaxed magnetohy-
drodynamic (MRxMHD) equilibria. Using the stepped-pressure equilibrium code, we constructed a series of equilibria representing interme-
diate states during the sawtooth crash, with progressively increasing reconnection regions. Numerical results demonstrated that the system
prefers the lower energy non-axisymmetric equilibria with islands and is eventually back to an axisymmetric state, capturing key features of
the reconnection process. Comparisons with the nonlinear MHD code M3D-C1 showed remarkable agreement on the field-line topology, the
safety factor, and the current profile. However, the simplified MRxMHD model does not resolve the detailed structure of the current sheet.
Despite this limitation, MRxMHD offers an insightful approach and a complementary perspective to initial-value MHD simulations.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0260347

I. INTRODUCTION

Relaxation is a universal phenomenon where plasmas undergo
self-organization to reach a lower energy state.1 Modeling this process
often involves running initial-value simulations, which can be compu-
tationally expensive. Variational principles offer a more efficient alter-
native by directly constructing the final state through the minimization
of total plasma energy, subject to specific constraints. A famous
example is the Woltjer–Taylor relaxation,2–4 which uses the volume-
integrated magnetic helicity as a constraint. This leads to a constant-
pressure, constant-current force-free Beltrami field, and a bifurcated
non-axisymmetric state for helicity values exceeding a certain
threshold.

While the Taylor relaxation successfully modeled early reversed-
field pinch (RFP) experiments, where overlapping resistive modes cause
global relaxation,1 such a relaxation is often too drastic for tokamaks
and stellarators. Conversely, the Kruskal–Kulsrud ideal magnetohydro-
dynamic (MHD) variational principle,5 which enforces nested magnetic

flux surfaces and prohibits changes in magnetic topology, proves too
restrictive for many applications. To overcome these difficulties, the
multi-region relax MHD (MRxMHD) was put forward by Robert
Dewar based on the Bruno and Lawrence sharp boundary equilibrium.6

The model was first published by Hole et al.7–9 The MRxMHD model
assumes the plasma volume to consist of N subregions R1;…;RN ,
separated byN nested ideal interfaces I 1;…; IN . In the fixed boundary
version, IN is a fixed perfectly conducting wall. A schematic view of
the magnetic geometry is shown in Fig. 1. The magnetic helicity is con-
strained in each subregion instead of the entire plasma, allowing local
relaxations meanwhile preserving the magnetic topology of the pre-
scribed interfaces. The resulting equilibrium, after minimizing the total
energy, has a discrete pressure profile with jumps on the interfaces,
namely, a stepped-pressure equilibrium. With a sufficient number of
interfaces, the global plasma profiles are recovered discretely. The
stepped-pressure equilibrium code (SPEC)10–12 is a numerical solver
designed to find such equilibria in complicated geometry.
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MRxMHD and SPEC have been utilized to study plasma equilib-
rium and relaxation. By scanning the location of an ideal interface act-
ing as a transport barrier, a sequence of equilibria was constructed for
the RFX-mod, which successfully replicated the transition between the
single-helical-axis state and the double-axis state.13 Another good
example is the direct prediction of nonlinear tearing mode saturation
both in slab14,15 and in cylindrical16 geometry, where the width of the
island was recovered without solving an MHD initial value problem.

The main purpose of the current paper is to examine the suitabil-
ity of MRxMHD in modeling a sawtooth crash as a sequence of equi-
libria. Sawtooth is a well-known relaxation process in tokamaks18 and
current-carrying stellarators.19,20 It is triggered when a q ¼ 1 surface
presents inside the plasma volume with the temperature profile under-
going periodic crashes and flattenings, leading to worse confinement
in general. Here, q denotes the safety factor. The crash is usually fol-
lowed by a ramp-up recovering phase during which the plasma inter-
nal energy re-accumulates. The physical mechanism of the sawtooth is
still under debate.21 The two most cited models are the Kadomtsev
model22 and the Wesson model.23,24 The Kadomtsev model attributes
the crash to a m ¼ n ¼ 1 internal kink mode and magnetic reconnec-
tion, where m and n are the poloidal and toroidal mode numbers,
respectively. During a crash, flux surfaces and their neighborhood with
the same helical flux label v ¼ qreswp � wt reconnect, conserving v
itself and the differential toroidal flux. Here, wp and wt are the poloidal
flux and toroidal flux, respectively, while qres ¼ 1 is the resonant safety
factor. The Wesson model, on the other hand, relies on interchange
instabilities, which are more prominent at a relatively high plasma b,
where b ¼ 2l0p=B

2 is the ratio between the plasma kinetic energy and
magnetic energy, with l0 being the vacuum magnetic permeability, p
the plasma pressure, and B the magnetic field strength.

Since variational approaches including MRxMHD contain nei-
ther resistivity nor a time variable, it is not purposed to resolve the
complicated crash dynamics, which depends strongly on the plasma b
and the non-ideal effects (see the review by Chapman21 and references

therein). An application would be to predict the after-crash equilib-
rium given the initial configuration. This was pioneered by
Bhattacharjee and Dewar,25–27 in which the volume integrated helicity,
now weighed by arbitrary functions of v, is added to the Taylor varia-
tional principle as invariants. Models based on Taylor relaxation in
only the plasma core were also considered.28 Recently, Aleynikova
et al.29 applied SPEC to compute the after-crash current and rotational
transform profile in the Wendelstein 7-X ECCD heating scenario,20 in
which the reconnected region is considered a single subregion after the
crash. SPEC was also used to find the relaxed parallel flow profile at
the edge of the Madison Symmetric Torus (MST) before and after a
sawtooth crash, showing good agreements with measurements.30

In this work, we take a further step to construct a sequence of
MRxMHD equilibria to resolve the intermediate steps during the
crash. We limit our case to a nearly zero b plasma so the Kadomtsev
model is appropriate. A sequence-of-equilibria model for sawtooth
was first proposed by Waelbroeck31,32 for crashes slower than the
Alfv�en timescale, but faster than the resistive timescale, such that the
conservation of helicity is a good assumption. At every step, an
approximate helical equilibrium is found with an inner-layer current
sheet matched to the outer region, where each pair of original flux sur-
faces reconnects into a new crescent flux surface in the island.
Waelbroeck discovered the existence of a ribbon connecting the two
Y-points of the island, with a current sheet in the ribbon. We take a
similar approach as Waelbroeck, with a less restrictive relaxation: the
reconnected island is taken as a single Taylor-relaxed subregion with-
out enforcing a constraint on each crescent flux surface, while the rest
of the plasma is kept ideal by the enforced interfaces. As the size of the
reconnected region changes, we obtain a sequence of helical states,
which have lower energies than the corresponding axisymmetric solu-
tions. Our approach has the benefit of allowing configurations with a
smaller aspect ratio and larger islands, as well as the emergence of cha-
otic region surrounding the islands, which is confirmed by resistive
MHD simulations.

This paper is organized as follows. Section II briefly introduces
the MRxMHD theory and the SPEC code. Section III explains the pro-
cedure of constructing a sequence of MRxMHD equilibria for a saw-
tooth crash and presents the numerical results. A comparison with the
nonlinear MHD code M3D-C1 will be presented in Sec. IV. Finally,
Sec. V draws the conclusion.

II. THE MRXMHD MODEL

We briefly summarized the MRxMHD model8,9 here. One may
refer to Hudson et al.10 and references therein for the mathematical
construction of MRxMHD and the steps in the derivations. We define
the MHD energy in the ith region, given by

Wi ¼
ð
Ri

p
C� 1

þ B2

2

� �
dV; (1)

as well as the magnetic helicity, written as

Ki ¼ 1
2

ð
Ri

A � BdV ; (2)

where C is the adiabatic index, V the volume, A the magnetic vector
potential, B ¼ r� A the magnetic field, and B ¼ jBj (equivalent to
B=

ffiffiffiffiffi
l0

p
in SI unit). To find an equilibrium state, we seek to extremize

the MRxMHD functional given by

FIG. 1. A schematic view of the plasma regions Ri and ideal interfaces I i .
Reproduced with permission from Dennis et al., Phys. Plasmas 20(3), 032509
(2013).17 Copyright 2013 AIP Publishing.
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F ¼
XN
i¼1

Wi � liðKi � K0;iÞ; (3)

where li is the Lagrange multiplier and K0;i the constant helicity con-
straint in each subregion. A few additional constraints are to be noted:
(1) piVC

i ¼ Si in each subregion, where Vi is the volume of each subre-
gion and Si a constant; (2) both the toroidal magnetic flux Dwt;i and
the poloidal flux Dwp;i in each subregion are constrained to constants
Dwt0;i and Dwp0;i, respectively (the innermost subregion only needs
the toroidal flux constraint); and (3) the magnetic field is tangential to
the interfaces, i.e., the interfaces are ideal MHD barriers.

Extremizing (3) with respect to A leads to the Beltrami field equa-
tion in each subregion, given by

r� B ¼ liB within Ri (4)

with the tangential boundary condition mentioned above given by

B � n̂ ¼ 0 on I i; (5)

where n̂ is the normal unit vector on the interfaces. In the view of the
variational principle presented here, li is a dependent variable deter-
mined by matching the helicity constraint. Extremizing (3) with
respect to the location of I i leads to the force balance condition on
each interface given by

pþ B2

2

� �� �
¼ 0 on I i; (6)

where ½½� � ��� stands for the difference across the interface. The pressure
is then a constant in each subregion, determined by the constraint
piVC

i ¼ Si. We emphasize that one needs to specify four constraints
for each subregion: Dwt0;i, Dwp0;i, K0;i, and pi (or Si). Again, for the
innermost subregion, the constraint Dwp0;i is dropped.

The SPEC code solves the MRxMHD equilibrium problem
numerically for both tokamaks and stellarators. The vector potential in
each subregion is discretized by Chebyshev (Zernike for the innermost
volume) polynomials in the radial coordinate s and Fourier series in the
generalized poloidal and toroidal angles # and f. The interface locations
Rð#; fÞ and Zð#; fÞ are also given in Fourier series, where R and Z are
points on the interface in the cylindrical coordinates. A Beltrami field

solver solves (4) and (5) with an initial guess of the interface location,
giving A as output. The force mismatch on interfaces is then computed
from A, and the interfaces are moved using Newton’s method to satisfy
the force balance condition (6). An additional spectral condensation
constraint33 is added to ensure the uniqueness of the boundary repre-
sentation. The iteration continues until a tolerance is reached.

III. RESULTS
A. Equilibrium setup

We start from a tokamak plasma with zero pressure, major radius
R0 ¼ 1m, minor radius a ¼ 0:3m, vacuum field strength B0 ¼ 1 T,
and a circular cross section. The q profile is chosen to be flat in the
core region and increases to toward 2.1 at the edge, as shown in Fig. 2.
This q profile is taken from the class of analytical equilibria in
M3D-C1 used to study sawtooth regularly.34 There is a q ¼ 1 surface

at mid-radius �wt ¼ 0:42, or equivalently
ffiffiffiffiffi
�wt

q
¼ 0:648, where �wt

¼ wt=wt;edge is the normalized toroidal flux. The equilibrium is con-
structed in VMEC35 with a fixed circular boundary.

A linear resistive MHD stability calculation with PHONIEX36

shows the equilibrium is unstable to tearing/resistive-kink mode
depending on the resistivity. This is demonstrated in Fig. 3 where the
linear growth rate c is plotted as a function of plasma resistivity g. The
growth rate c is normalized to the Alfv�en frequency on axis
xA0 ¼ VA0=R0 ¼ B0= R0

ffiffiffiffiffiffiffiffiffiffi
l0q0

p� �
, where q0 is the density on axis and

l0 the plasma vacuum permeability, while the resistivity g is in the
unit of l0xA0R2

0, i.e., the inverse Lundquist number. At low resistivity,
the growth rate follows the scaling c � g3=5, a typical relationship for a
tearing mode. At a higher resistivity, it gradually transits into a resistive
kink mode37 with scaling c � g1=3. Note that the equilibrium is stable
to the ideal internal kink mode38 as no instability is found in the limit
g ! 0 since b ¼ 0, and the cross section circular.

B. Initial MRxMHD equilibrium

After setting up the ideal MHD equilibrium in VMEC, we need
to convert it into a corresponding MRxMHD equilibrium after

FIG. 2. The q profile of the initial equilibrium.

FIG. 3. Resistive instability growth rate calculated by PHOENIX, showing a transi-
tion between a tearing mode (c � g3=5) and a resistive-kink (c � g1=3Þ as the
plasma resistivity increases.
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partitioning into a number of subregions. In axisymmetric geometry,
one should use an infinite number of subregions to approximate
closely a continuous pressure/q profile. In practice, the number of sub-
regions is finite to ensure numerical viability. In this work, we start
with 15 subregions.

The vector potential and magnetic field in VMEC are written as

A ¼ wtrh� � wprf; (7)

B ¼ rf�rwp þrwt �rh�; (8)

where wt labels the flux surfaces and wp is a function of wt , f the cylin-
drical angle, and h� the straight-field-line angle in PEST coordinates.
The helical flux can be computed straightforwardly for each flux sur-
face as vðwtÞ ¼ wp � wt . First of all, it is reasonable to place an ideal
interface to separate the region participating or not in the sawtooth
reconnection event. According to the Kadomtsev model, this interface
should be placed at the flux surface with a zero helical flux v. Flux sur-
faces outside the v ¼ 0 surface will have a negative value of helical
flux, so there is no corresponding flux surface in the core to reconnect
with. Then, we choose to place another interface halfway between this
surface and the plasma boundary in the non-reconnecting region to
better match the VMEC solution and to account for the changing cur-
rent profile.

Within the reconnection region, we also need to set up a few
interfaces. Again, according to the Kadomtsev model, flux surfaces
with the same helical flux will reconnect. We therefore place pairs of
interfaces at equal helical fluxes based on the VMEC equilibrium. This
is demonstrated by Fig. 4. Starting from the subregion containing the
q ¼ 1 surface, we put I�1 inside the q ¼ 1 surface and I 1 outside,
such that vðI�1Þ ¼ vðI 1Þ. Similarly, we place I�2 and I 2, I�3 and
I 3, …, I�6 and I 6, until we are sufficiently close to the non-
reconnecting interface at v ¼ 0. The distance between each pair of
interfaces is equidistant in

ffiffiffi
v

p
, so the width of each subregion is simi-

lar. We note that the final result is not very sensitive to the number of
interfaces, as long as they are densely packed in the yet-to-reconnect
region and the pairs are chosen to have equal helical flux. Once we
have determined the location of the interfaces in terms of VMEC flux

label wt , we can compute the constraints for each SPEC subregion
from VMEC output. The constraints Dwt and Dwp are computed by
taking the difference between their corresponding VMEC values on
the neighboring interfaces. Finally, we need to compute the helicity in
each volume. Using (7) and (8), the helicity in VMEC between two
flux surfaces wt;1 and wt;2 can be computed as

KVMEC ¼ 2p2
ðwt;2

wt;1

wt

q
� wp

� �
dwt ; (9)

where w0
pðwtÞ ¼ 1=q has been used. Considering the gauge convention

for SPEC,10 the relationship between VMEC helicity and SPEC helicity
is given by

KSPEC ¼ KVMEC þ 2p2wt;>wp;> toroidal region;
KVMEC � 2p2ðDwpwt;< þ Dwtwp;<Þ annulus region;

(

(10)

where wt;< and wp;< are the corresponding fluxes at the inner inter-
face, while wt;> and wp;> are those at the outer interface. We label the
enclosed flux by Dwt ¼ wt;> � wt;< and Dwp ¼ wp;> � wp;<. During
the “reconnection,” we will remove the interfaces in pairs to reconnect
flux surfaces with the same helical flux. After an interface is removed,
the constraints for the new combined subregion are recomputed from
VMEC given the new interfaces.

Given the selected interfaces, the toroidal flux, the poloidal flux,
and the magnetic helicity for each subregion are computed from the
VMEC magnetic field. They are prescribed as constraints for SPEC.
The initial locations of the interfaces are also extracted from VMEC
solution. SPEC then solves the force balance by adjusting the location
of the interfaces, assuming axisymmetry. The resulting equilibrium
cross section is presented in Fig. 5. Here, we use a poloidal Fourier res-
olution ofMpol ¼ 10 and a toroidal resolution of Ntor ¼ 7. The inner-
most region uses Zernike polynomials with order 14, while the other
regions use Chebyshev polynomials with order 6.

C. A sequence of equilibria representing the crash
process

Since the plasma is unstable, the axisymmetric solution is not in
the lowest energy state. This is confirmed by calculating the Hessian
matrix39,40 of the energy functional for the initial equilibrium, which

FIG. 4. The helical flux used to subdivide the plasma volume and the location of the
interfaces (indicated by the blue diamonds). The vertical dashed line stands for the
q ¼ 1 surface, and the horizontal dashed line stands for v ¼ 0.

FIG. 5. The Poincar�e map for the initial SPEC equilibrium with 15 subregions. The
interfaces are represented by the red solid lines.
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turns out to have negative eigenvalues, indicating a direction of pertur-
bation that can reduce the system’s energy. To reach the lowest energy
state, we first apply an m ¼ 1; n ¼ 1 perturbation to all the interfaces
to break symmetry. Now the configuration no longer has force balance.
A force descent algorithm is then used to push all the interfaces in the
direction of the force, i.e., toward the lower B2=2 side across the inter-
faces. During the force descent, the interfaces inside the q ¼ 1 interfa-
ces are continuously pushed into the outer interfaces. We stop the
descent before they crash into each other and then switch back to a
Newton method. Since we are already very far from the initial equilib-
rium, the Newton method will not give us the axisymmetric configura-
tion, but rather, a new equilibrium state with a helical core: this is a
lower energy state that the system will prefer. This equilibrium is
shown in Fig. 6(a). To ensure the existence and robustness of the solu-
tion, one should in principle increase the Fourier resolution and study
the convergence.41 However, an increased Fourier resolution will result
in a smaller gap between the two interfaces, leading to a singular
Jacobian and a poorer convergence property or even a lack of conver-
gence. Given this numerical difficulty, the Fourier resolution is set to
be constant in our current paper.

An inspection of Fig. 6(a) shows that a magnetic island is created,
indicating that the flux surfaces between the two interfaces I�1 and I 1

are already reconnected. More importantly, these two interfaces almost
touch each other on the opposite side of the island and form a very
thin layer between them: this is an island with two Y-points connected
by a ribbon.31,42 We will analyze the properties of the current sheet in

Sec. IV. The next step is to remove I�1 and I 1 assuming they are
reconnected and merge the neighboring subregions. We simply just
add together their fluxes and helicity of the three subregions (the origi-
nal subregion containing q ¼ 1 and its neighbors) to form a new sub-
region. Now the reconnection site is surrounded by I�2 and I 2. After
removing a pair of interfaces, the equilibrium is recomputed.

Starting from the initial 15-subregion equilibrium, we remove 2,
4, and 6 pairs of interfaces, leading to an 11-subregion, a 7-subregion,
and a 3-subregion equilibrium, respectively. We show the Poincar�e
maps of this sequence in Fig. 6. As more and more subregions/interfa-
ces are reconnected, the magnetic island is growing bigger, while the
subregion containing the original magnetic axis is becoming smaller.
When a larger number of subregions are reconnected in Fig. 6(c), a
chaotic region is developed around the island’s separatrix. Finally, after
all the subregions are reconnected in Fig. 6(d), the minimum energy
state restores to an axisymmetric state, and the magnetic axis is
replaced by the island axis.

In Fig. 7, we plot the total change of magnetic energy
Ð
dVB2=2

of the entire plasma as a function of reconnected helical flux Dv, for
both the axisymmetric solution and the non-axisymmetric equilibrium
as a percentage of the axisymmetric 15-subregion equilibrium. The
non-axisymmetric equilibrium has a lower MHD energy than the cor-
responding axisymmetric equilibrium. The difference in energy is very
small (on the order of 0.01%), even though the magnetic topology
changes dramatically, consistent with the finding of Cooper et al.43 It
is noteworthy that even when the equilibrium remains axisymmetric

FIG. 6. Poincar�e maps of the lowest energy states as we combine the subregions: (a) 15 subregions; (b) 11 subregions; (c) seven subregions; and (d) three subregions. The
interfaces are represented by the red solid lines.
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as we combine subregions, the total energy will drop. This is because
we are reducing the number of constraints (interfaces), which will nat-
urally lead to a lower total energy.

To sum up, the sequence of MRxMHD equilibria we constructed
by removing ideal interfaces represents the process of a sawtooth
reconnection. These are bifurcated states with a lower MHD energy
compared to their axisymmetric counterparts.

IV. COMPARISON WITH M3D-C1

We now compare the sequence we obtained in Sec. III to the sim-
ulation result of M3D-C1, an initial-value MHD code. M3D-C144 sol-
ves the nonlinear extended MHD equations using high-order finite
elements with C1 continuity and split-implicit time-stepping. The
M3D-C1 has long been used to study sawtooth crash and sawtooth
cycles in tokamaks44–46 and stellarators.47 In this work, we use the
same VMEC equilibrium to initiate the stellarator extension of M3D-
C148 to ensure the consistency of the equilibrium.

Specifically, we solve the single-fluid extended MHD equations
(in dimensionless units, whose normalizations are consistent with
those in Sec. III. Time is normalized to sA ¼ x�1

A0 , length to R0, pres-
sure to B2

0, density to q0, and mass to proton mass),

@tqþr � ðqvÞ ¼ Dr2ðq� qeqÞ; (11)

qð@tvþ v � rvÞ ¼ j� B�rp�r �P; (12)

@tpþ v � rpþ Cpr � v ¼ ðC� 1Þ gðj2 � j2eqÞ � r � q�P : rv
h i

;

(13)

@tB ¼ r� v� B� gðj� jeqÞ
h i

; (14)

for the mass density q, velocity v, pressure p, and magnetic field B,
with the current density j ¼ r� B and the adiabatic index C ¼ 5=3.
The viscous stress tensor is P ¼ ��ðrvþrvTÞ � 2ð�c � �Þðr �
vÞI and the heat flux q ¼ �j?rðT � TeqÞ � jkbb � rT with
b ¼ B=B and the temperature T ¼ Mp=q, where M is the ion mass.
The transport coefficients used include uniform mass diffusivity
D ¼ 10�6, isotropic and compressible viscosities � ¼ �c ¼ 10�6 (in

the unity of inverse Reynolds number), resistivity g ¼ 10�6 (in the
unit of inverse Lundquist number), and strongly anisotropic parallel
and perpendicular thermal conductivities jk ¼ 1 and j? ¼ 10�6. For

this value of g, the relationship between c and g follows c � g1=3 as
shown in Fig. 3, and therefore, the linear instability is dominated by
the resistive kink mode. The equilibrium fields qeq, Teq, and jeq sub-
tracted in the dissipative terms act as effective sources to sustain the
equilibrium in the absence of instabilities, and we consider uniform
equilibrium density (qeq ¼ 1) and pressure (peq ¼ 10�3) profiles for
simplicity. We use 3807 reduced quintic elements in the ðR;ZÞ plane
and eight Hermite cubic elements in the toroidal direction, and the
time step size is 2. The boundary conditions are ideal on the magnetic
field, no-slip on the velocity, and Dirichlet on the density and pressure.

We have selected four different time slices (a) t ¼ 1450, (b)
t ¼ 1550, (c) t ¼ 1650, and (d) t ¼ 1750 (in the unit of sA). The size
of the reconnection region in these four slices is visually close to the
four different SPEC equilibria in Fig. 6, namely, the 15-, 11-, 7-, and 3-
subregion equilibria, respectively. The corresponding Poincar�e maps
are given in Fig. 8. The toroidal plane shown is chosen to match the
island phasing in SPEC. They are very close to the SPEC equilibria pre-
sented in Fig. 6 by visual comparison. The duration of the crash is
300sA, justifying the assumption that the crash is much slower than
the Alfv�en timescale sA but faster than the resistive timescale
sR � g�1 ¼ 106. The early phase of the crash in Figs. 6, 8(a), and 8(b)
is almost identical. This is because in the early stage, the growth of the
island is still slow and the reconnection layer is thin, such that an equi-
librium model is more appropriate. There are more notable differences
in the later phase of the crash in Figs. 8(c) and 8(d). In SPEC equilib-
rium (c), the chaotic region only appears around the good flux surfaces
surrounding the original and the new magnetic axis, and is bounded
by the non-reconnecting interface. This is due to our assumption that
the crash only affects plasma within this interface. However, in M3D-
C1, the crash is more dramatic and the chaotic region extends beyond
the non-reconnecting flux surface to the edge. In future work, we can
remove this interface to allow more relaxation, which might give a
better match to M3D-C1. Finally, SPEC predicts an axisymmetric
after-crash configuration, while in M3D-C1, the outer region remains
chaotic for a very long time.

We compare the q profile from both codes, shown in Fig. 9. The
q profile is computed with respect to the original axis by field-line trac-
ing for 100 toroidal turns starting from Z ¼ 0 and a given R, except
that in the after-crash case, it is computed with respect to the new
magnetic axis. Overall, the agreement between M3D-C1 and SPEC is
remarkable. For Figs. 9(a) and 9(b), the q profile outside the reconnec-
tion region generally follows the initial configuration. A flattened
q ¼ 1 region appears around R ¼ 0:85, corresponding to the O-point
of the m ¼ n ¼ 1 island. On both side of the q ¼ 1 region, there are
jumps and sharp changes in q, corresponding to the separatrix of the
island. Around R ¼ 1:23, there is a jump in q due to the ribbon of the
island, indicating the existence of a current-sheet. We note that SPEC
agrees very well with M3D-C1 for both the sharp changes around the
island and the jump of q across the ribbon, indicating that the magni-
tude of the current sheet is correctly captured. This current sheet will
present as an interface current leading to the shearing of B across the
interface. Outside the island, the q profile of M3D-C1 is slightly lower
than SPEC. Since M3D-C1 is a global initial value code calculating the
total field instead of the perturbation, even though the initial

FIG. 7. Total change in the total magnetic energy compared to the reference case
as a function of reconnected helical flux. For SPEC, the reference is the axisymmet-
ric 15-subregion equilibrium. For M3D-C1, the reference is the time slice t ¼ 1350
just before the island is visible.
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equilibrium is given by the VMEC equilibrium, it evolves according to
the set source and resistivity. For Fig. 9(c), the island becomes much
wider and chaotic regions start to develop outside the unreconnected
flux surfaces and the new island. The computed M3D-C1 q value in
this region fluctuates due to the chaotic and ergodic nature of the field
lines, though the match with SPEC is still relatively good. Finally, both
SPEC and M3D-C1 predict a pretty flat q profile above unity in the
core of the after-crash scenario with a similar value. We note that the
sawtooth we are studying is a complete and global crash, which allows
us to model the reconnected region as a single Taylor-relaxed region
and explains the good match.

In the Kadomtsev model, each pair of flux surfaces with the same
helical flux label reconnects into a new, crescent flux surface surround-
ing the axis of the island. The quantity l ¼ Jk=B is not a constant
across these new flux surfaces inside the island, while in SPEC, the
entire reconnected island region is modeled as a single relaxed volume
with a constant l. The value of l is only allowed to jump across inter-
faces, leading to a stepped l profile. We examine the appropriateness
of this assumption by comparing the value l on the mid-plane of
M3D-C1 and SPEC, shown in Fig. 10. The general agreement between
M3D-C1 is again remarkable across all cases despite the discrete nature
of l in SPEC. More specifically, the value of l appears flat within the
reconnected region [around R ¼ 0:82; 0:87; 0:9; 1:0, for (a)–(d),

respectively] for M3D-C1, matching the value predicted by SPEC. This
justifies our single-subregion assumption for the reconnected region.

A notable feature of M3D-C1 is the strong peak of current
between R ¼ 1:2 and 1.3 as a result of the current sheet at the recon-
nection site. This current is missing for the SPEC curve since we are
only plotting parallel currents flowing within the SPEC subregions and
leaving out the current sheet on interfaces. To compare the structure
of the current sheet, we plot the parallel current on a two-dimensional
R–Z plane for the M3D-C1 case (b) in Fig. 11. Figure 11 shows that
the current sheet is concentrated at the reconnection site and is poloi-
dally asymmetric: its strength decreases away from the middle of the
ribbon and weakens significantly outside the ribbon. We have also
computed the SPEC surface current on the interface immediately out-
side the reconnected volume, defined by49

If ¼ 1
J

B#½ �½ �; I# ¼ � 1
J

Bf½ �½ �; (15)

where the superscripts and subscripts indicate the contra-variant and
co-variant components, respectively, and J the Jacobian. The parallel
surface current Ik is then computed by taking the dot product of the
surface currents in Eq. (15) and B, making use of the metric. Note that
to resolve the ambiguity of B and metric on different sides of the inter-
face, we use their value on the inner side of the interface. In Fig. 12, we

FIG. 8. Poincar�e maps of the four time slices of the M3D-C1 simulation that are close to the four SPEC equilibria: (a) t ¼ 1450; (b) t ¼ 1550; (c) t ¼ 1650; and (d) t ¼ 1750.
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plot the ratio Ik=jBj as a function of SPEC generalized poloidal angle
#, which appears to be almost a constant. We therefore conclude that
a SPEC equilibrium cannot resolve the poloidal structure of the current
sheet. Ideally, one can integrate within a neighborhood of the M3D-C1
current sheet to get the poloidally averaged surface current amplitude
and compare it to SPEC. However, its value is very sensitive to the
range of integration and a direct comparison with SPEC is difficult.
Nevertheless, the average amplitude of the current sheet is correct,
which can be reflected by the same jump of the safety factor across the
current sheet as shown in Fig. 9.

Finally, we calculate the drop in magnetic energy in M3D-C1 and
have overplotted it in Fig. 7, taking the time slice t ¼ 1350, just before
the crash as a reference. Compared to SPEC, the magnetic energy in
M3D-C1 was reduced more in the early stage. This is because, in

M3D-C1, the entire plasma is allowed to respond resistively to the
crash, while in SPEC, only the inner region containing the reconnec-
tion site is relaxed and the rest of the plasma volumes are constrained
by ideal interfaces and fixed helicity/fluxes. At the later stage, as the
relaxation volume increases and the number of subregions reduces in
SPEC, the match becomes better.

V. CONCLUSION

In this study, we have constructed a sequence of multi-region
relaxed MHD (MRxMHD) equilibria to represent the sawtooth crash
process in tokamak plasmas with zero plasma b. The plasma is parti-
tioned into subregions separated by ideal interfaces, allowing the relax-
ation locally within reconnected regions while preserving the magnetic
topology outside. A helical equilibrium with a magnetic island was

FIG. 9. A comparison between M3D-C1 and SPEC for the safety factor q as a function of field-line tracing starting point R, for (a) 15-subregion, (b) 11-subregion, (c) 7-
subregion, and (d) 3-subregion (after-crash) equilibrium. The q profile is constructed by field-line tracing starting from Z ¼ 0 and the given R, and computed with respect to the
original axis, except for the 3-subregion equilibrium, which is computed with respect to the new axis. Some irregularities are found in (c) and (d) due to the chaotic region.
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identified as having lower energy than the corresponding axisymmetric
state. The reconnection region was then progressively enlarged by
removing interfaces in pairs, representing the intermediate stages of
the sawtooth crash, with the island growing larger and the magnetic
energy further reducing. These helical equilibria are all minimum
energy states given the constrained topology of the unreconnected
region, with the two interfaces bounding the island barely touch each
other: the only way to reduce the energy further is via reconnecting
these two interfaces. The results demonstrate the capability of
MRxMHD in capturing the transition from the initial axisymmetric
equilibrium to states with magnetic islands, chaotic regions, and, even-
tually, the post-crash equilibrium. The MRxMHD approach does not
of course capture the time dependence of the transition.

Comparison with nonlinear MHD simulations using M3D-C1
reveals qualitative and quantitative agreement: this confirms the

sawtooth with low b considered in our current paper is indeed a recon-
nection process. We demonstrated that each state along the path of
reconnection is a minimum energy state with the reconnected region
being (nearly) Taylor-relaxed and the crescent flux surfaces self-
emerging. The jump of the q profile matches across the separatrix,
showing that MRxMHD is correctly capturing the size of the current
sheet. The MRxMHD approach fails to spatially resolve the poloidal
structure of the current sheet due to its coarse assumption of the
reconnected region being a single Taylor-relaxed subregion, despite
the flat current profile being a good assumption for the majority of the
island. Combined, these results demonstrate that MRxMHD approach
is able to model the path of reconnection, not just the post-crash state.
The construction of SPEC equilibria from a given VMEC equilibrium
is fully automated once the number of subregions is specified. Each
SPEC equilibrium typically requires approximately 5 h of wall-clock

FIG. 10. A comparison between M3D-C1 and SPEC for the profile l ¼ l0Jk=B on the mid-plane, for (a) 15-subregion, (b) 11-subregion, (c) 7-subregion, and (d) 3-subregion
(after-crash) equilibrium. For SPEC, the currents flowing on the interfaces are ignored: only currents inside the subregions are considered.
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time, using a number of CPUs equal to the number of subregions. For
comparison, the M3D-C1 simulation presented in this work required a
total of 5000 CPU hours. This highlights the computational efficiency
of the MRxMHD approach, which enables the direct construction of
intermediate states during the crash.

Future work may focus on extending this approach to finite-b
plasmas. At a higher b, the property of the instability might become
qualitatively different (e.g., the potential transition to the Wesson
model). It is worthwhile to explore such a transition and see what
MRxMHD predicts as the minimum energy states. We also plan to
explore its application in more realistic tokamak scenarios and in stel-
larators such as the ECCD-induced crash in W7-X. Finally, the new
relaxed MHD framework developed by Dewar and Qu50 recently
might give more insight since it contains plasma flow and allows time
evolution.
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FIG. 11. The contour of the parallel current for M3D-C1 time slice (b), correspond-
ing to the 11-subregion SPEC equilibrium. A current sheet is visible in bright color.

FIG. 12. The ratio between the toroidal surface current Ik and field strength jBj as a
function of SPEC generalized poloidal angle # on the interface just outside of the
reconnection site for the 11-subregion SPEC equilibrium.

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 052503 (2025); doi: 10.1063/5.0260347 32, 052503-10

VC Author(s) 2025

 29 M
ay 2025 13:14:05

pubs.aip.org/aip/php


REFERENCES
1J. B. Taylor, “Relaxation and magnetic reconnection in plasmas,” Rev. Mod.
Phys. 58, 741–763 (1986).
2L. Woltjer, “A theorem on force-free magnetic fields,” Proc. Natl. Acad. Sci. U.
S. A. 44, 489–491 (1958).

3L. Woltjer, “On hydromagnetic equilibrium,” Proc. Natl. Acad. Sci. U. S. A. 44,
833–841 (1958).

4J. B. Taylor, “Relaxation of toroidal plasma and generation of reverse magnetic
fields,” Phys. Rev. Lett. 33, 1139–1141 (1974).

5M. D. Kruskal and R. M. Kulsrud, “Equilibrium of a magnetically confined
plasma in a toroid,” Phys. Fluids 1, 265 (1958).

6O. P. Bruno and P. Laurence, “Existence of three-dimensional toroidal MHD
equilibria with nonconstant pressure,” Commun. Pure Appl. Math. 49, 717–
764 (1996).

7M. Hole, S. R. Hudson, and R. Dewar, “Stepped pressure profile equilibria in
cylindrical plasmas via partial Taylor relaxation,” J. Plasma Phys. 72, 1167–
1171 (2006).

8M. J. Hole, S. R. Hudson, and R. L. Dewar, “Equilibria and stability in partially
relaxed plasma-vacuum systems,” Nucl. Fusion 47, 746–753 (2007).

9M. Hole, R. Mills, S. R. Hudson, and R. Dewar, “Relaxed MHD states of a mul-
tiple region plasma,” Nucl. Fusion 49, 065019 (2009).

10S. R. Hudson, R. L. Dewar, G. Dennis, M. J. Hole, M. McGann, G. Von Nessi,
and S. Lazerson, “Computation of multi-region relaxed magnetohydrodynamic
equilibria,” Phys. Plasmas 19, 112502 (2012).

11Z. S. Qu, D. Pfefferl�e, S. R. Hudson, A. Baillod, A. Kumar, R. L. Dewar, and M.
J. Hole, “Coordinate parameterisation and spectral method optimisation for
Beltrami field solver in stellarator geometry,” Plasma Phys. Controlled Fusion
62, 124004 (2020).

12S. R. Hudson, J. Loizu, C. Zhu, Z. S. Qu, C. N€uhrenberg, S. Lazerson, C. B.
Smiet, and M. J. Hole, “Free-boundary MRxMHD equilibrium calculations
using the stepped-pressure equilibrium code,” Plasma Phys. Controlled Fusion
62, 084002 (2020).

13G. R. Dennis, S. R. Hudson, D. Terranova, P. Franz, R. L. Dewar, and M. J.
Hole, “Minimally constrained model of self-organized helical states in reversed-
field pinches,” Phys. Rev. Lett. 111, 055003 (2013).

14J. Loizu, Y.-M. Huang, S. R. Hudson, A. Baillod, A. Kumar, and Z. S. Qu,
“Direct prediction of nonlinear tearing mode saturation using a variational
principle,” Phys. Plasmas 27, 070701 (2020).

15E. Balkovic, J. Loizu, J. P. Graves, Y.-M. Huang, and C. Smiet, “Direct prediction
of saturated neoclassical tearing modes in slab using an equilibrium approach,”
Plasma Phys. Controlled Fusion 67, 015009 (2025).

16J. Loizu and D. Bonfiglio, “Nonlinear saturation of resistive tearing modes in a
cylindrical tokamak with and without solving the dynamics,” J. Plasma Phys.
89, 905890507 (2023).

17G. R. Dennis, S. R. Hudson, R. L. Dewar, and M. J. Hole, “The infinite interface
limit of multiple-region relaxed magnetohydrodynamics,” Phys. Plasmas 20,
032509 (2013).

18S. von Goeler, W. Stodiek, and N. Sauthoff, “Studies of internal disruptions and
m¼ 1 oscillations in tokamak discharges with soft—X-ray techniques,” Phys.
Rev. Lett. 33, 1201–1203 (1974).

19Y. Nagayama, K. Kawahata, S. Inagaki, B. J. Peterson, S. Sakakibara, K. Tanaka,
T. Tokuzawa, K. Y. Watanabe, N. Ashikawa, H. Chikaraishi, M. Emoto, H.
Funaba, M. Goto, Y. Hamada, K. Ichiguchi, K. Ida, H. Idei, T. Ido, K. Ikeda, S.
Imagawa, A. Isayama, M. Isobe, A. Iwamoto, O. Kaneko, S. Kitagawa, A.
Komori, S. Kubo, R. Kumazawa, S. Masuzaki, K. Matsuoka, T. Mito, J.
Miyazawa, T. Morisaki, S. Morita, O. Motojima, S. Murakami, T. Mutoh, S.
Muto, N. Nakajima, Y. Nakamura, H. Nakanishi, K. Narihara, Y. Narushima,
A. Nishimura, K. Nishimura, A. Nishizawa, N. Noda, S. Ohdachi, K. Ohkubo,
N. Ohyabu, Y. Oka, M. Osakabe, T. Ozaki, A. Sagara, K. Saito, R. Sakamoto, M.
Sasao, K. Sato, T. Seki, T. Shimozuma, M. Shoji, H. Suzuki, S. Sudo, K.
Takahata, Y. Takeiri, K. Toi, K. Tsumori, H. Yamada, I. Yamada, K. Yamazaki,
N. Yanagi, M. Yokoyama, Y. Yoshimura, Y. Yoshinuma, and T. Watari,
“Sawtooth oscillation in current-carrying plasma in the large helical device,”
Phys. Rev. Lett. 90, 205001 (2003).

20M. Zanini, H. Laqua, H. Thomsen, T. Stange, C. Brandt, H. Braune, K.
Brunner, G. Fuchert, M. Hirsch, J. Knauer, U. H€ofel, S. Marsen, E. Pasch, K.

Rahbarnia, J. Schilling, Y. Turkin, R. Wolf, and A. Zocco, “ECCD-induced saw-
tooth crashes at W7-X,” Nucl. Fusion 60, 106021 (2020).

21I. T. Chapman, “Controlling sawtooth oscillations in tokamak plasmas,” Plasma
Phys. Controlled Fusion 53, 013001 (2011).

22B. B. Kadomtsev, “Disruptive instability in tokamaks,” Fiz. Plazmy 1, 710–715
(1975).

23J. A. Wesson, “Sawtooth oscillations,” Plasma Phys. Controlled Fusion 28, 243–
248 (1986).

24J. Wesson, “Sawtooth reconnection,” Nucl. Fusion 30, 2545–2549 (1990).
25A. Bhattacharjee, R. L. Dewar, and D. A. Monticello, “Energy principle with
global invariants for toroidal plasmas,” Phys. Rev. Lett. 45, 347–350 (1980).

26A. Bhattacharjee and R. L. Dewar, “Energy principle with global invariants,”
Phys. Fluids 25, 887–897 (1982).

27A. Bhattacharjee, R. L. Dewar, A. H. Glasser, M. S. Chance, and J. C. Wiley,
“Energy principle with global invariants: Applications,” Phys. Fluids 26, 526–
534 (1983).

28C. G. Gimblett and R. J. Hastie, “Calculation of the post-crash state and 1 1/2 D
simulation of sawtooth cycles,” Plasma Phys. Controlled Fusion 36, 1439–1455
(1994).

29K. Aleynikova, S. Hudson, P. Helander, A. Kumar, J. Geiger, M. Hirsch, J.
Loizu, C. N€uhrenberg, K. Rahbarnia, Z. Qu, Y. Gao, H. Thomsen, Y. Turkin,
M. Zanini, and W7-X Team, “Model for current drive induced crash cycles in
W7-X,” Nucl. Fusion 61, 126040 (2021).

30Z. S. Qu, R. L. Dewar, F. Ebrahimi, J. K. Anderson, S. R. Hudson, and M. J. Hole,
“Stepped pressure equilibrium with relaxed flow and applications in reversed-
field pinch plasmas,” Plasma Phys. Controlled Fusion 62, 054002 (2020).

31F. L. Waelbroeck, “Current sheets and nonlinear growth of the m¼ 1 kink-
tearing mode,” Phys. Fluids B 1, 2372–2380 (1989).

32F. L. Waelbroeck, “Onset of the sawtooth crash,” Phys. Rev. Lett. 70, 3259–
3262 (1993).

33S. P. Hirshman and H. K. Meier, “Optimized Fourier representations for three-
dimensional magnetic surfaces,” Phys. Fluids 28, 1387 (1985).

34PPPL M3DC1 Team, see https://m3dc1.pppl.gov/M3DC1.pdf for “The M3D-
C1 User’s Guide” (2023).

35S. P. Hirshman and J. C. Whitson, “Steepest-descent moment method for three-
dimensional magnetohydrodynamic equilibria,” Phys. Fluids 26, 3553–3568 (1983).

36J. Blokland, B. van der Holst, R. Keppens, and J. Goedbloed, “PHOENIX: MHD
spectral code for rotating laboratory and gravitating astrophysical plasmas,”
J. Comput. Phys. 226, 509–533 (2007).

37B. Coppi, R. Galvao, R. Pellat, M. Rosenbluth, and P. Rutherford, “Resistive
internal kink modes,” Report No. MATT-1271; TRN: 76-019212 [Princeton
Plasma Physics Lab. (PPPL), Princeton, NJ, 1976].

38M. Bussac, R. Pellat, D. Edery, and J. Soule, “Internal kink modes in toroidal
plasmas with circular cross sections,” Phys. Rev. Lett. 35, 1638 (1975).

39A. Kumar, Z. Qu, M. J. Hole, A. M. Wright, J. Loizu, S. R. Hudson, A. Baillod,
R. L. Dewar, and N. M. Ferraro, “Computation of linear MHD instabilities with
the multi-region relaxed MHD energy principle,” Plasma Phys. Controlled
Fusion 63, 045006 (2021).

40A. Kumar, C. N€uhrenberg, Z. Qu, M. J. Hole, J. Doak, R. L. Dewar, S. R.
Hudson, J. Loizu, K. Aleynikova, A. Baillod, and H. Hezaveh, “Nature of ideal
MHD instabilities as described by multi-region relaxed MHD,” Plasma Phys.
Controlled Fusion 64, 065001 (2022).

41Z. S. Qu, S. R. Hudson, R. L. Dewar, J. Loizu, and M. J. Hole, “On the non-
existence of stepped-pressure equilibria far from symmetry,” Plasma Phys.
Controlled Fusion 63, 125007 (2021).

42A. Y. Aydemir, “Nonlinear studies of m¼ 1 modes in high-temperature plas-
mas,” Phys. Fluids B 4, 3469–3472 (1992).

43W. Cooper, J. Graves, A. Pochelon, O. Sauter, and L. Villard, “Tokamak magne-
tohydrodynamic equilibrium states with axisymmetric boundary and a 3D heli-
cal core,” Phys. Rev. Lett. 105, 035003 (2010).

44S. C. Jardin, N. Ferraro, J. Breslau, and J. Chen, “Multiple timescale calculations
of sawteeth and other global macroscopic dynamics of tokamak plasmas,”
Comput. Sci. Discovery 5, 014002 (2012).

45S. C. Jardin, N. Ferraro, and I. Krebs, “Self-organized stationary states of toka-
maks,” Phys. Rev. Lett. 115, 215001 (2015).

46S. C. Jardin, I. Krebs, and N. Ferraro, “A new explanation of the sawtooth phe-
nomena in tokamaks,” Phys. Plasmas 27, 032509 (2020).

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 052503 (2025); doi: 10.1063/5.0260347 32, 052503-11

VC Author(s) 2025

 29 M
ay 2025 13:14:05

https://doi.org/10.1103/RevModPhys.58.741
https://doi.org/10.1103/RevModPhys.58.741
https://doi.org/10.1073/pnas.44.6.489
https://doi.org/10.1073/pnas.44.6.489
https://doi.org/10.1073/pnas.44.9.833
https://doi.org/10.1103/PhysRevLett.33.1139
https://doi.org/10.1063/1.1705884
https://doi.org/10.1002/(SICI)1097-0312(199607)49:7717::AID-CPA33.0.CO;2-C
https://doi.org/10.1017/S0022377806005861
https://doi.org/10.1088/0029-5515/47/8/004
https://doi.org/10.1088/0029-5515/49/6/065019
https://doi.org/10.1063/1.4765691
https://doi.org/10.1088/1361-6587/abc08e
https://doi.org/10.1088/1361-6587/ab9a61
https://doi.org/10.1103/PhysRevLett.111.055003
https://doi.org/10.1063/5.0009110
https://doi.org/10.1088/1361-6587/ad97dd
https://doi.org/10.1017/S0022377823000934
https://doi.org/10.1063/1.4795739
https://doi.org/10.1103/PhysRevLett.33.1201
https://doi.org/10.1103/PhysRevLett.33.1201
https://doi.org/10.1103/PhysRevLett.90.205001
https://doi.org/10.1088/1741-4326/aba72b
https://doi.org/10.1088/0741-3335/53/1/013001
https://doi.org/10.1088/0741-3335/53/1/013001
https://doi.org/10.1088/0741-3335/28/1A/022
https://doi.org/10.1088/0029-5515/30/12/008
https://doi.org/10.1103/PhysRevLett.45.347
https://doi.org/10.1063/1.863819
https://doi.org/10.1063/1.864137
https://doi.org/10.1088/0741-3335/36/9/005
https://doi.org/10.1088/1741-4326/ac2ab9
https://doi.org/10.1088/1361-6587/ab7fc5
https://doi.org/10.1063/1.859172
https://doi.org/10.1103/PhysRevLett.70.3259
https://doi.org/10.1063/1.864972
https://m3dc1.pppl.gov/M3DC1.pdf
https://doi.org/10.1063/1.864116
https://doi.org/10.1016/j.jcp.2007.04.018
https://doi.org/10.1103/PhysRevLett.35.1638
https://doi.org/10.1088/1361-6587/abdbd0
https://doi.org/10.1088/1361-6587/abdbd0
https://doi.org/10.1088/1361-6587/ac53ee
https://doi.org/10.1088/1361-6587/ac53ee
https://doi.org/10.1088/1361-6587/ac2afc
https://doi.org/10.1088/1361-6587/ac2afc
https://doi.org/10.1063/1.860355
https://doi.org/10.1103/PhysRevLett.105.035003
https://doi.org/10.1088/1749-4699/5/1/014002
https://doi.org/10.1103/PhysRevLett.115.215001
https://doi.org/10.1063/1.5140968
pubs.aip.org/aip/php


47Y. Zhou, K. Aleynikova, and N. M. Ferraro, “Nonlinear magnetohydrodynamic
modeling of current-drive-induced sawtooth-like crashes in the W7-X stellara-
tor,” Phys. Plasmas 30, 032503 (2023).

48Y. Zhou, N. M. Ferraro, S. C. Jardin, and H. R. Strauss, “Approach to nonlinear
magnetohydrodynamic simulations in stellarator geometry,” Nucl. Fusion 61,
086015 (2021).

49A. Baillod, J. Loizu, Z. Qu, A. Kumar, and J. Graves, “Computation
of multi-region, relaxed magnetohydrodynamic equilibria with pre-
scribed toroidal current profile,” J. Plasma Phys. 87, 905870403
(2021).

50R. Dewar and Z. Qu, “Relaxed magnetohydrodynamics with ideal Ohm’s law
constraint,” J. Plasma Phys. 88, 835880101 (2022).

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 32, 052503 (2025); doi: 10.1063/5.0260347 32, 052503-12

VC Author(s) 2025

 29 M
ay 2025 13:14:05

https://doi.org/10.1063/5.0136654
https://doi.org/10.1088/1741-4326/ac0b35
https://doi.org/10.1017/S0022377821000520
https://doi.org/10.1017/S0022377821001355
pubs.aip.org/aip/php

